Time-Space Trade-offs in Searching for a Path in
Welded Trees: Classical vs. Quantum Approaches

Yvan Le Borgne! and Shrinidhi Teganahally Sridhara!*

1Univ. Bordeaux,CNRS, Bordeaux INP, LaBRI, UMR 5800,
|[F-33400 Talence|, France.

*Corresponding author(s). E-mail(s):
shrinidhi.teganahally-sridhara@u-bordeaux.fr;
Contributing authors: borgne@labri.fr;

Abstract

Welded Trees are a class of graphs designed to exhibit exponential algorithmic
speedup for certain search problems via quantum walks, outperforming any clas-
sical algorithm. A Welded Tree of depth d consists of two complete binary trees,
each of depth d, whose leaves are interconnected by an additional cycle or per-
mutation alternating between the two trees. Access to this graph is provided
only through queries to an oracle, which, given a vertex, returns its neighbors. In
2021, Aaronson suggested the FINDING PATH To EXIT problem, which consists
of finding a path to the root of the opposite tree given the root of one tree. This
can be seen as an extension of the FINDING EXIT problem, where the task is
simply to find the root of the opposite tree, for which Childs et al. demonstrated
an exponential speed-up in 2003.

We provide a quantum algorithm for solving the FINDING PAaTH To EXIT prob-
lem that performs O(2%/3) queries and also formalize the folklore lower bound
that any classical algorithm requires at least €(2%/2) queries. This is the first
proof of a polynomial speed-up for this problem over any classical algorithm.
In addition, we present and analyze several other algorithms, focusing on the
trade-offs between queries and classical or quantum space.
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1 Introduction

Since the advent of the theory of quantum computation, there has been a quest
to find functions that are provably faster to compute using quantum computation
compared to the traditional Turing machine based classical computation. Famous
examples include the Shor’s Algorithm for factoring and the discrete logarithm prob-
lem [1], Grover’s algorithm for unstructured search [2] and others. Almost all the
observed speedups are in terms of query complexity and measure the number of times
these algorithms query an oracle in order to find a solution with high probability. In
the realm of graph problems, quantum computing has been proven to offer signifi-
cant speed-ups compared to classical algorithms. Welded Trees are one such examples
of graphs which were designed to exhibit an exponential algorithmic speed-up using
quantum walks over any classical algorithm by Childs, Cleve, Deotto, Farhi, Guttman
and Spielman in 2003 [3]. They have been extensively studied in Quantum Walks
[4-6], Quantum Adiabatic Computation [7] and Graph Property testing [8].

Welded Trees are family of graphs G4, obtained by joining the leaves of two com-
plete binary trees of depth d using two random perfect matchings or a random cycle(see
Figure 1). For simplicity, we may assume that they come along with an additional
proper edge-colouring to be described later. Access to these graphs are provided only
via an oracle Oy . This oracle Oy, when given a pair (v,c) as input, where v is a
vertex in the welded tree and ¢ is a colour, outputs the function f.(v) = u, where u
is the vertex that is connected by an edge of color ¢ to the vertex v or 0 if no such
edge exists. In terms of quantum computation, the oracle is defined as the following
unitary operator,

Ow |v,c,x) = |v,¢,2 @ fe(v)).
Generally speaking, we are provided with an adjacency list oracle, where each query
reveals only the neighboring nodes, thus granting us access to only a local view of the
graph.

|ENT) |EXT)

entrance = = exit

Fig. 1: A sample of welded trees of depth d = 3

We denote the roots of the two binary trees that form a welded tree as the entrance
and the exit. The set of vertices at distance k from entrance form the vertices of



column k. We denote them by Cj. Hence, exit is the only vertex in column (2d 4 1).
The degree of every vertex in a welded tree is three, except for entrance and exit.

One of the natural search problems on these welded trees is the task of finding exit
vertex, given the entrance vertex and oracle. Moreover, the vertices of a welded tree
of depth d are labelled by bit strings of length 2d, chosen randomly and independently
where d is the depth of the welded tree. We refer to this bit string that represents a
vertex v as the id of that vertex. The map from vertices to these ids as label where
label : V' — {0,1}2? (see a more detailed example in Figure 4). Below is a formal
definition of the exit search problem.

Definition 1 FinpING EXiT: Given the id of the entrance of a welded tree of depth d and
access to the adjacency oracle Oy, return the id of the exit.

In 2003, Childs et al. [3] designed a quantum algorithm that efficiently solves the
FINDING EXIT problem in O(poly(d)) many queries to the oracle. They also proved
that in contrast, any classical randomised algorithm would have to make Q(Qd/ 5)
many queries to the oracle to return exit with high probability and thus demonstrated
exponential algorithmic speed-up using quantum computation in the query model.
The quantum algorithm for FINDING EXIT in [3] is based on quantum walks and
notably focuses only on the current vertex, without maintaining a partial path from
the entrance, which allows for destructive interferences that are crucial for achieving
a speed-up in the number of queries. The lower bound for a randomised classical algo-
rithm was improved by Fenner and Zhang [9] to ©(2%/3) queries. In folklore, the lower
bound is assumed to be Q(242). Though the original quantum algorithm was based
on continuous quantum walks, subsequent works provide discrete quantum walk and
multidimensional quantum walk based algorithms with improved query complexity of
O(d?log(d)) and O(d) respectively.

In the classical scenario, any algorithm capable of identifying the exit can be
adapted, with additional memory, to trace a path from the entrance to the ezit in
a welded tree. Surprisingly, while we can efficiently find the exit vertex quantumly,
constructing a path from the entrance to the erit with a provably lesser number of
queries than classical computation remains unresolved. Aaronson [10], in 2021, defined
this natural extension of the FINDING EXIT problem as FINDING PATH To EXIT and
highlighted that the question of whether FINDING PATH T 0 EXIT can be solved using
a quantum algorithm using 2°(9) queries as one of the challenging open problems in
quantum query complexity.

Definition 2 FInDING PaTH To ExIT: Given the id of the entrance of a welded tree of
depth d and access to the adjacency oracle Oy, find a path of vertices vgvy ... v, where vg
is the entrance vertex and vy, is the exit vertex of the given welded tree..

Solving FINDING PATH T0 EXIT in the quantum realm is widely acknowledged to
be considerably more challenging than FINDING EXIT. This difficulty is highlighted by
a recent 2022 exponential lower bound established by Childs et al. [11] for a specific



family of quantum algorithms that maintain complete path information from the
entrance.

Our Results

In this paper, we look at the FINDING PATH To EXIT from the perspectives of both
classical and quantum algorithms and analyse the query and space complexity trade-
offs. Our primary contribution is a quantum algorithm for the FINDING PATH To EXIT
with a query complexity of @(2d/ 3)L. Classically, there is an algorithm that solves this
problem using @(Zd/ %) due to Shalev Ben-David [12]. This is optimal for any classical
algorithm as it matches the folklore lower bound of ©(2%/2) on the exponential order
which we prove formally in subsection 5.2. Thus our @(2d/ 3) algorithm is, to the
best of our knowledge, the first quantum algorithm for FINDING PATH T0O EXIT that
provably outperforms classical methods in finding a path to the exit by providing a
polynomial speedup over the classical counterpart. This algorithm utilises classical
memory of O(2%/3) and quantum memory of O(poly(d)) qubits. Below is the statement
of the main result of this paper.

Theorem 1 There is a polynomial speed-up, from C:)(Qd/Q) queries classicaly to @(Qd/3)
quantumly, for FINDING PATH To EXIT problem in a welded tree of depth d.

On the other hand we also introduce another quantum algorithm for the same
problem with a complexity of O(2%/2) queries, but with a space complexity of O(d?).
It is worth to note that both of our quantum algorithms always find a shortest path
from entrance to exit and differ slightly from the restricted family of algorithms previ-
ously proposed by Childs et al. [11] for establishing the lower bound. We also look at
two different types of classical random walk based algorithms for FINDING PATH ToO
EXIT namely the backtracking random walk and non-backtracking random walk with
exponential number of queries but polynomial space. The analysis of the expected
behaviours of these two random walks on welded trees is based on explicit generating
functions. We prove of the folklore lower bound of ©(2%/2) queries for classical algo-
rithms solving FINDING PATH T O EXIT by considering the difficulty of finding cycles.
Here is an informal statement of the lower bound theorem.

Theorem 2 Any classical randomized algorithm that makes O(2°%) queries to the oracle,
where o € [0,1/2), cannot solve the FINDING PATH To EXIT problem with probability greater

than O(2(2¢—Ddy,

In Figure 2, we compare complexity of several classical and quantum algorithms,
including ours, for the FINDING PATH To EXIT problem on welded trees.?

1Henceforth tilde hides logarithmic and polynomial factors in d

2Here, time is defined as the number of queries to the oracle, and space refers to the number of bits
or qubits required. Typically, these measurements do not account for the space needed to implement the
classical or quantum version of the oracle.
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Fig. 2: Time and space complexity of several algorithms for FINDING PATH To EXIT
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Fig. 3: Different algorithms and their query vs space comparisions.

Our methods

Both our quantum algorithms utilize efficient quantum algorithm for FINDING EXIT
as a quantum primitive to identify the exit vertex. Then we convert the problem
of finding a path into a collision problem involving the task of finding two partial




non-backtracking paths from entrance and exit to vertices in column d + 1. Based
on the way we solve this collision problem, we get two different algorithms with dif-
ferent complexities. If we decide to solve it classically, it involves the sampling of
non-backtracking walks of lengths d + 1 from the entrance or d from the exit, and
awaiting a collision among vertices in column d + 1 at the conclusion of these paths.
Leveraging a variant of the Birthday paradox guarantees an average query count of
O(29/?), with substantial classical memory O(2%/2) to store the sampled paths. Stan-
dard meet-in-the-middle algorithms, as discussed in [13], enable maintaining the time
complexity at @(Qd/ 2) while limiting the memory to O(d?) bits and qubits.

Our second quantum algorithm improves the collision resolution time to @(2d/ 3)
using the standard quantum search techniques of amplitude amplification [15] and
Grover’s algorithm [2]. Initially we sample some non-backtracking paths from exit
to column d 4+ 1. Then, we build a quantum state that is a superposition of non-
backtracking paths from entrance of length d + 1 and later try to find a good path or
in other words, a path which has the same last vertex as one of the classically sampled
paths from the exit. Since we can efficiently check if a path is good or not, we can
make use of this to attain a polynomial speedup.

In a classical random walk algorithm on welded tree, the walker uses 2d bits to
store the id of current vertex and samples neighbors randomly, reflecting a significant
memory efficiency. The average number of oracle queries is precisely evaluated using
a formula based on commuting time by Tetali [14]. Recording the last edge color
during the random walk adds [lng(C)] bits to memory but allows the random walk
to become non-backtracking, thus avoiding revisiting vertices. But surprisingly, this
just reduces the query complexity only by a factor asymptotically close to 2 despite
using a bit of extra information. This can be attributed to the fact that once we reach
the welded region, we lose the information of whether we are moving towards or away
from the exit. The average number of queries to the oracle is accurately evaluated
using a formula involving edge count and a resistance-like term.

Organisation of the rest of the paper

section 2 introduces some preliminary definitions and outlines the sampling of welded
trees and their oracle. In section 3 we present three quantum algorithms including the
one with query complexity of @(Zd/ 3) leading to the proof of Theorem 1. section 4
gives exact analyses of the average number of queries for two classical algorithm with
a very small memory namely random walks and non-backtracking random walks.
subsection 5.2 contains the proof of Theorem 2. We summarise our results and list
some open questions in section 6.

2 Preliminaries

In a welded tree W of depth d, we refer to C,,, the set of vertices at distance x from the
entrance, as column x. For example in Figure 1, the welding permutation alternates
between vertices in columns d and d + 1. A walk of n steps in a welded tree is a
sequence of vertices w = wy, ws - - - wy, with w; and w;11 connected by an edge. A walk
is backtracking if there exists an index i such that w; = w;12 # w;41. If not, it is called



as a non-backtracking walk. We denote the last vertex of a walk w = (wi)i:o,...e(w) by
last(w). For a set C of walks, last(C) := {last(w)|w € C} is the set of last vertices of
these walks. If last(w) = w’ for any two walks w and w’, then we say that there is a
collision between these two walks. The following fact about non-backtracking walks
on welded trees can be easily verified.

Proposition 3 For every non-backtracking walk w = wowi ---wq41 rooted at entrance,
vertex w; belongs to C; where i < d+ 1. Analogously, for every non-backtracking walk w =
wow1 - - - Wq41 rooted at exit, the vertexr w; belongs to Coqy1_;, where i < d+ 1.

In fact, we can sample a non-backtracking walk uniformly at random from roots of
welded tree by considering the two possible vertices at each step with equal probability.

The choice of an instance of welded trees and their oracle is already described
in seminal work on FINDING EXIT problem [3] but we provide here a more explicit
version later used in our proofs. The aim of oracle description for welded trees is to
hide a part of its global structure, preserving a coherent local view. We detail here
an explicit random sampling of such an oracle that will be used in particular in the
probabilistic analysis of classical lower bounds. For a pair of welded trees of depth d
we sample independantly and uniformly among the possible elements the following
data D = ((o®*+1),_ o4, label, (1,)yer) Where:

® the edges between column x and z+1 are encoded by permutations (0[“”"’”1] )z=0,...2d
where ol***1 is a random permutation of size 2min(z+1,2d+1-z)

e the relabeling map label : V := {0,...2(2¢*1 —1) -1} — {1,...22¢—1} is a random
injective function whose co-domain avoids 0 and for each vertex v the oddity of
label(v) is the oddity of the distance of v to the entrance vertex which is the root
of left welded tree,

e the half-proper coloring (7,),cv is made up of random permutations of size 3

indexed by vertices of welded trees.

We consider an edge e = (u,v) of the welded trees where w.l.o.g u is at even
distance d from entrance vertex and v at odd d & 1 distance. This edge e is decom-
posed into two half-edges (u, e) and (v, e) respectively (half-colored) by 7, ((u,e)) and
7((v, €)) where we use a fixed ordering of half-edges incidents to u, respectively v. The
color ¢ of the edge e is the pair (7,((u, €)), 7,((v,€e))). In this case, the classical oracle
fe(+) is defined by

f(m((%c))ﬁ((m)))(Iabel(u)) = Iabel(v) and f(m((uve))%((vye)))(Iabel(v)) = Iabel(u)

[d:d£1]((y,e)) = (v,e) using a fixed ordering (from top to bottom here) of half-

if o
edges in each direction between column Cy and Cyyq where gld—1 = (a[d_l’d])_l,
vertices are replaced by their label and otherwise the oracle returns 0. For example,
on Figure 4, f(()’g) (95) = 44, f(l’l)(f)O) = 63, f(o’l)(56) = 07 f(l’g) (52) = 63,

The label targets a sufficiently large codomain such that the probability for any
element to have a pre-image is very small, lower than 2792, Hence any algorithm

sampling random label needs at least an average of 2472 calls to the oracle to find
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Fig. 4: Oracle for a pair of welded trees of size d = 2 deduced from sampled data
D = (¢l = 01,02 = 0312, 023 = 20147365, 0134 = 0123, 01491 = 10,...)

a label of vertex of welded trees. Since all our algorithms will have at most O(2%/?2)
in average calls to the oracle, none of them will sample possible labels, hence only
discovers new labels of vertices via calls to the oracle. This was a natural assumption
on algorithms recently made by Childs & al.[11].

Notice that all information about the welded trees are hidden by randomly sampled
elements ol®¥ | 7, label of D expect the color green or orange of the current vertex
v that is known from the oddity of the number of steps from the entrance in this
bipartite graph and the fact that we consider only paths extended by oracle from the
entrance (or exit) of defined oddity of distance to entrance.

3 Quantum algorithms (for FINDING PATH To EXIT
problem)

In this section we present three quantum algorithms for FINDING PaTH To EXIT
problem. All these algorithms begin by finding the exit by solving FINDING EXIT
problem using efficient quantum algorithms. We observe that what remains is indeed
a collision problem. The path-finding problem is reduced to a collision problem by
splitting the full path into two partial non-backtracking paths—one from the entrance
and one from the exit and searching for a pair that have a collision (see section 2).
Finding such a collision effectively reconstructs a complete path from entrance to exit.
In subsection 3.1 we present the first algorithm which solves this collision problem



classicaly, using (7)(2d/ 2) queries and O(2%/2) space®. In subsection 3.2, we optimize
the number of queries to obtain the second algorithm that solves the collision problem
quantumly in @(2d/ 3) queries. In subsection 3.3, we optimize the memory classicaly
to obtain the third algorithm performing (7)(2d/ 2) queries and using O(d?) space.

3.1 Solving the collision problem classically

Our first Algorithm 1 to find a path to the exit is decomposed in two steps. The
first step is to find the exit vertex using O(d) queries to the oracle using the current
best quantum algorithm of Jeffery and Zur [4]. The second step involves searching
classically for a path between entrance and ezit by sampling non-backtracking walks
of length d+1 and d from entrance and ezit respectively, hoping for a collision between
their end vertices.

Algorithm 1 Using classical collision algorithm to find a path from entrance to exit

Input: Welded tree W of depth d, oracle Oy and the id of the entrance
Output: A shortest path from entrance to exit of the welded tree W.

1: procedure FIRSTQUANTUMALGORITHM(entrance, Oy )

2 exit <+ Find ezit of W using O(d) query algorithm of Jeffery and Zur [4].

3: A+ 0 > Stores non-backtracking walks of length d 4+ 1 from entrance.

4: B« 0 > Stores non-backtracking walks of length ds from ezxit.

5 while last(A4) Nlast(B) = 0 do

6 X «+ A non-backtracking walk of length d + 1 sampled randomly from
entrance.

7 A+ AU {X}

8: Y + A non-backtracking walk of length d sampled randomly from exit.

9: B+ BU{Y}

10: end while

11 v < last(A4) N last(B)

12: wyp < A walk in A with last vertex v

13: wp + A walk in B with last vertex v

14: wp < rev(wg) > Vertices of wg reversed.

15: return wy - wpg

16: end procedure

Lemma 1 Given a welded tree W of depth d, FIRSTQUANTUMALGORITHM finds a shortest
path between entrance and exit with probability at least % n O(d-Qd/Q) queries to the oracle
Ow .

Proof The correctness of this algorithm relies on Proposition 3. Thus last(A) and last(B)
contain vertices in Cy11 = Ca441—4. Once last(A)Nlast(B) is non-empty, it implies that there

4By space, we mean both classical and quantum memory.



exists walks wy € A and wp € B, the concatenation of these two results in a walk of length
2d + 1 between the entrance and the exit which happens to be the shortest path as well.
The oracle design in Section 2 ensures that the final vertices in last(A) and last(B) are

[d,d+1]

chosen uniformly at random from the 2% vertices in C4+1, with the permutations o and

—1
(U[d+l7d+2]> . This creates a variant of the Birthday paradox known as Claw finding, where

the condition last(A) Nlast(B) involves a codomain of size r = 2%, as discussed in I1.8 on page
116 of [16]. Let B be the random variable representing the number of uniform samples needed
to obtain two identical elements from a set of size r. According to [16], Pr(B > ty/r) ~ e /2,
For t = y/2log 2, this gives Pr(B > /2rlog2) ~ %, so Pr(B < /2rlog2) ~ % Thus, after
7%1%2 =4/ 10%22(1/2 iterations of the while loop, there is a 50% chance of a collision, which
may correspond to the concatenation of paths from the entrance (in last(A)) and the ezit (in

last(B)). Therefore, after 4/ 10%22’1/ 2 jterations, the success probability is at least 50%. Each
iteration requires O(d) oracle calls, so Algorithm 1 finds a shortest path between the entrance
and erit vertices on welded trees with a success probability of at least % while making at
most O(d - 2d/2) queries to Oyy. O

3.2 A O(2%/3) quantum algorithm for FINDING PATH To EXIT

In this section we show that using standard quantum techniques, we can solve this
collision problem better, leading to an algorithm that finds a shortest path from
entrance to exit in O(2%/3) many queries to the oracle Oy .

We first observe that given a bit string s € {0,1}9*!, we can uniquely map it to a
vertex v(s) in column d + 1. This is because, since a welded tree is made of two binary
trees and we can think of one of the two outgoing edges at every vertex is labelled
0 and the other is labelled 1. Now, based on the bit string s, we can traverse a non-
backtraking path of length d + 1 starting from entrance which leads us to a unique
vertex in column d + 1. But since the vertices are labelled randomly using bit strings
from {0,1}2?, we won’t know the ids of the vertices along the path leading to the
unique vertex v(s) unless we query the oracle. Hence, we make use of the oracle Oy
to obtain the ids of all vertices along this path for all possible v(s) or equivalently all
possible bit strings s.

In the previous section, we sampled equal number of non-backtracking paths from
entrance and ezit, of length d + 1 and d respectively, and aimed to find a collision
among the last vertices of these paths which are guaranteed to belong to column d+1.
Given the fact that we can discover the path from bit strings, the task is to search for
a good path from entrance, meaning a path whose last vertex is also the last vertex
of a path in the sampled set of non-backtracking paths of length d from the exit. For
this task we employ Grover’s algorithm [2]. We would like to note that this identical
to the idea behind the collision finding algorithm by Brassard, Hgyer and Tapp [17].

In order to employ Grover, we need to have an oracle that distinguishes the good
paths from others. We use T to denote the set of non-backtracking paths from exit

10



we have already sampled. Let B be the oracle such that,

1
¥) := B10) |0) — T we{%:l}n ) | Pa) - (1)

Let Oy be an oracle such that,
O |z) |P) = (=1)! @ |a) | Py) (2)

1, JteT last(P,) =1
where, f(z) = 4 t € T,last(P,) = last(¢)

0 : 3)
, otherwise

If such oracles exist, we could easily search for a path P, that is marked by the
function f(x). And such a path when joined with the corresponding path from T', we
get a shortest path from entrance to exit.

The following lemma shows that B can be constructed in O(d) many queries to
the oracle Oy .

Lemma 2 If C be number of colors used in the proper edge-coloring of a welded tree,
then with very high probability, the quantum state |¢) in (1) can be constructed in atmost
O(poly([log C1,d)) many calls to the oracle Oyy .

Proof We construct the state |¢) as a coherent superposition over all non-backtracking paths
from the entrance to the exit of the graph. Each vertex has three incident edge colors, exactly
two of which correspond to valid non-backtracking steps. Since these two specific colors are
unknown, a random query to the oracle Oy may yield a backtracking step (i.e., the previous
vertex) or a null output. To resolve this, we use amplitude amplification to identify the two
valid colors at each vertex.

Let C be the set of edge colors with |C| = C, and define t = |{(c1,¢2) | 1 < c2,¢1,¢2 € C}.
We begin by preparing the uniform superposition

|colors) = % Z le1) |e2) .
c1<ca

Given a vertex v; (arrived at from v;_1), there exist two valid non-backtracking colors c11”
and cy'. To identify them, we use two vertex registers |a),|b) (each of size 2d), and three
auxiliary qubits |auz1), |auxs), |auzs) initialized to |0). We compute Oy |v;, coly,a) and
Ow |vj, cola, b), and check whether the outputs correspond to valid forward steps (i.e., not
equal to v;—1 and not the null vertex). If so, the respective auxiliary qubits are set to |1). If
both are valid, we set |auxzs) = |1). After uncomputing all intermediate registers except for
|auzs), the resulting state is

1 ) ) t—1
) P 1) ) PR S e ) | 3D e fea) | 102 o).
(c1,e2)#(cyt e5%)

Using amplitude amplification [15], we boost the amplitude of the correct pair. Since t < (g)

is constant, only O(1) rounds are needed. This color identification process requires O(poly(d))
queries to Oy and poly(d, [log C1) auxiliary qubits.

11



To construct |¢), we begin with the initial state

d+1 d+1
0y | ENT) <®|0>2d> (® |O>2(1ogc]> j0)id+3
i=1

i=1

where the first d + 1 qubits represent a bit string = € {0, 1}d+1, followed by the entrance
vertex register, d 4+ 1 vertex registers for path construction, d 4+ 1 color registers, and 4d + 3
auxiliary qubits. We apply Hadamard gates to the first d+ 1 qubits to obtain a superposition
over all bit strings . Then, for each i = 1 to d+ 1, we apply the color identification procedure
to obtain the valid colors (c}*,c5?) for v;. Depending on the value of x;, we apply Ow to
extend the path by computing v;1; from v; using the selected color:

. Vi . Vi
ife; =0: Ow |vi, 1%, vit1), else: Oy v, ¢5", Vig1) -

After d + 1 such steps, the vertex registers encode the path Py = (v{,v3,...,vj,1) corre-
sponding to each z, resulting in the desired state ) (up to auxiliary qubits), which is a
superposition over all non-backtracking paths from entrance to exit.
The entire procedure uses O(poly(d)) queries to Oy, requires O(poly(d,log C)) auxiliary
qubits, and only O(1) rounds of amplitude amplification per vertex.
O

Lemma 3 Given a welded tree W of depth d, there exists an algorithm that solves FINDING
Patu To ExiT on W in @(Zd/s) queries to the oracle Oy and with a space complexity of
(5(2(1/3) classical bits and O(dQ) qubits. Moreover the algorithm finds a shortest path from
entrance to exit.

Proof As a first step, we find the exzit of the welded tree using O(d) queries. Now, we
sample 2d/3 non-backtracking paths of length d from ezit, which have their last vertices
in column d + 1. This involves O(d - Qd/g) queries to the oracle Oyy. Using this classical
information, we can build an oracle Of where Oy |z) = (fl)f(z) |z) | Pz). A naive yet suffi-
cient circuit of depth @(Qd/ 3) for the computed oracle Oy consists in sequentially checking
equality with each of the ©(2%/3) binary words z = z;...204 € {last(P)|P € T} via a
(sub-)circuit ®fil Xilfzi; C?? X g ®Z2il Xilfzi involving a multi-CNOT gate targeting an
auxiliary qubit that may then be turn into a phase via H; X; H followed by undoing the pos-
sible bitflip. It is very important to note that even though this oracle will have to look at
each of the 2%/3 sampled paths to answer a query, it does not involve any query to the oracle
Ow . Hence this does not increase the query complexity of our algorithm.

Now we prepare the state [¢) with very high probability using the steps described in the
proof of Lemma 2. This state preparation requires only poly(d) queries to Oyy .

Let |G) = > |z)|Px) be the set of marked paths where z is a bit-string of length d+1.
z: f(z)=1
We prepare |1) which is a superposition of non-backtracking walks from entrance to column

d+1 as described before. Initially the overlap of [¢)) with |G) is p = | (G|¢) |? = 2;# —972d/3,

This is because the number of non-backtracking paths sampled from exit are 21/3. Using
Grover’s search, O(L) applications of oracle O are sufficient to find a marked path with

NG
high probability [2]. Thus the query complexity of this algorithm is (’)(Qd/ 3). By the same
argument in Lemma 1, the path obatined in the end is a shortest path from entrance to
exit. 0
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Now, we are ready to prove the main theorem.

Theorem 1 There is a polynomial speed-up, from é(2d/2) queries classicaly to @(2d/3)
quantumly, for FINDING PATH To EXIT problem in a welded tree of depth d.

Proof In Theorem 2, we prove that the lower bound for any classical algorithm solving FIND-
ING PaTta To ExIT is (9(2‘1/2) queries. As mentioned before and described in Appendix 5.1.2,

the O(2~d/ 2) query algorithm by Ben-David [12] is hence classically optimal upto exponential
factors. The theorem follows by Lemma 3 and above description. O

3.3 Small-space version of first quantum algorithm

In this section we describe a space efficient version of solving this collision problem. We
focus on the usual setting of almost-random endofunctions H on 29*2 binary words,
where there is a significant proportion of collisions H(w) = H(w’) that encode an
expected path between the entrance and exit. We then apply a classical cryptanalysis
algorithm [13] to find these collisions using low memory.

Lemma 4 The collision problem of finding the shortest path in welded trees of depth d between
the initially known entrance and exit can be solved in (’)(Zd/2) queries using O(d) bits.

Proof We define the function E from binary words of length d + 2 to the set of 2d+1 welding
edges between the columns d and d + 1. We fix an arbitrary order of the C colors for proper
coloring.

For a binary word w = wowy ...wgq41, we construct a non-backtracking path of d + 1
edges as follows:

o If wy = 0, the path m = 7wy ... w42 starts from the entrance; otherwise, it starts
from the exit.

e For k=1,...,d+ 1, m is the vertex reached from 7;_1 by the non-backtracking
incident edge, minimal if w; = 0 and maximal if wy = 1.

Evaluating E(w) requires O(d) queries to the oracle. We return the unoriented edge by
sorting the labels:

E(w) := (min(label(my), label(mg4.1)), max(label(my), label(7441))) =: (emin(w),emax(w)).

By construction, this function produces 2941 collisions corresponding to pairs of paths of
length d + 1 from the entrance and exit that end at the same unoriented edge. From these
words w and w’ such that E(w) = E(w’), we can reconstruct an expected path from the
entrance to the exit.

We then define an endofunction H(w) := h(E(w)) on binary words of length d+ 2, where
the hash function h is given by:

h((emin7 emaX)) — Uminvmax,

where v™" is the prefix of length [(d+2)/2] of the ID ™ and v™ is the prefix of length
|(d+2)/2] of the ID ™.
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The hash function A introduces only a small number of "bad" collisions, where:
h((label(v1), label(v2))) = h((label(vs), label(vs4)))

and (vi,v2) # (v3,v4). These collisions arise due to the almost uniform sampling of label,
which avoids the all-zero case 0%¢. Therefore, the collision probability is close to 2_d, and if
there is a collision v; = v;, the probability is approximately 2d/2,

The expected number of "bad" collisions is bounded by:

E[bad collisions] < 92442 gmd 4 9dFl y 9=d/2 £ 9d+2
Thus, the number of bad collisions is at most twice the number of good collisions, since there
are fewer than 22972 pairs of ((v1,v2), (v3,v4)).

Given the almost independent and uniform sampling of the labels, the function H is
nearly uniform, conditioned on the good collisions. Classical algorithms for collision detection
[13] can then be applied. These algorithms require O(d) bits of memory and O(v21+2)
evaluations of H.

Each evaluation of H requires O(d - 2d/2) queries to the oracle, but only O(d) bits are
needed to store the last two vertices of the path 7. Thus, O(d - 2d/2) queries and O(d) space
are sufficient to find a collision and, therefore, a path from the entrance to the exit. O

4 Classical algorithms with lesser memory

The previous section focused on the optimisation of the number of queries to the
oracle. This section explores the trade-off when we add memory resources to the
picture of optimisation. First, we consider a classical memory algorithm with the
minimal number of bits O(d): the random walk that stores only the id of the current
vertex. We then consider non-backtracking walks, a slight variant of the former, which
store the previously visited vertex. This requires a constant number of additional bits,
specifically [Ing(C)], since a proper coloring with C' = 9 exists for welded trees [3]. For
both types of walks, we provide explicit expressions for the average number of queries.

The algorithm for a classical random walk simply stores the current id on 2d =
O(d) bits and then update it by the oracle, choosing one of the neighbors uniformly.
This is the minimal space for an algorithm exploring the graph by the oracle without
sampling random possible ids. The average number of queries starting from entrance
and ending at exit corresponds to the hitting time which is well studied in the theory
of random walks. A generic formula by Tetali [14] can be adapted to welded trees,
giving the following lemma.

Lemma 5 The average number of queries Hg(entrance,exit) for a random walk RWy
starting from entrance of welded trees of depth d and ending at first visit of exit is
4x2% -3

SaTT x 2(3 x 2% — 2).

Hg(entrance, exit) =

Proof More generally, the hitting time Hg(u,v) is the expected length of a walk started at
vertex u and ending at first visit of the vertex v in welded trees of depth d. The commuting
time Cy(u,v) = Hg(u,v) + Hy(v,u) is the sum of two hitting times. Tetali [14] shows that
for any connected graph with m edges, including welded trees,

Cy(u,v) = 2mR(u,v)

14



where R(u,v) is the “electric resistance” where the graph is interpreted as an electronic circuit
where each edge has a resistance 1 then Kirhoff’s rules defines R(u,v).

In welded trees, the number of vertices is 2 x (2d"'1 —1) and any vertex has three incident
edges, with one less for the two roots, so the number of edges is

3
mdzimx(f+?fn)71:2@x2d7m.
Moreover by symmetry of welded trees
H,(entrance, exit) = Hgy(exit, entrance) = Cy(entrance, exit)/2

so0 it only remains to evaluate the resistance Rg(entrance, exit).

It appears that the welding permutation encoded by ol®4+1] does not change the resis-
tance Rg(entrance,exit). Indeed, a random walk in welded trees may be traced only at
the level of columns as a random walk on 2d + 2 columns: for a vertex in column C, with
x < d, respectively x > d + 1, has one neighbor in column Cj,_1, respectively Cypy1, and
two neighbors in column Cy 41, respectively Cy_1. Since the entrance and ezit are alone
in their respective columns Cy and Cyg442, the hitting time from Cpy to Cy4o for the ran-
dom walk on columns corresponds to the hitting time Hg(entrance, exit). Hence the choice
of the welding permutation between columns d and d + 1 does not modify the hitting time
H,(entrance, exit).

To evaluate the resistance we choose the easily welded trees (see Appendix 5.1.1) i.e.,
olbd+1] s the identity. This corresponds to highly self-similar series parallel circuit whose
resistance can be recursively computed.

For d = 0, the welded trees have two vertices and two edges (in parallel) and by Kirchoff’s
law, the initial resistance is

Ro(entrance, exit) = % = 1
S S

For d > 0, the welded trees of depth d may be seen as composed of two parallel circuits
between entrance and exit. Each of those circuits compose in series, an edge from the entrance
of resistance 1, the resistance R;_1 for a smaller welded tree of depth d— 1, an again an edge

to the exit of resistance 1. Hence by Kirchoff’s law we have

1 Ry_1(ent exit
Ry(entrance, exit) = T =1+ 1(en 7"2ance czit)

2 x 14+ R4—1(entrance,exit)+1

Solving this recurrence, we obtain

4x2% -3
Ry(entrance, exit) = —aTT
and applying Tetali’s formula we obtain the expected exact formula for hitting time. O

In a random walk, remembering the color of the last edge used allows the walk to
avoid stepping back to the previously visited vertex, by excluding it from the set of
available neighbors at each step. This leads to the notion of non-backtracking walk
that still uses O(d) bits with an additional [Iny(C)] bits (where C' = 9) . In this
particular case, we obtain an exact formula by a more explicit computation.

Lemma 6 The average number of queries Hgb(ent?"ance7 exit) for a mon-backtracking ran-
dom walk Rng starting from entrance of welded trees of depth d and ending at first visit of
exit is

2x2% -1

ST x 2(3 x 24 — 2).

H&Lb (entrance, exit) =
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Proof We break any non-backtracking walk from entrance to exit into three parts: (1) the
initial (d+4 1) steps to reach a vertex in column (d+1); (2) an arbitrary number of fail paths;
and (3) the final success path to the exit. Each part corresponds to a set of paths W, analyzed
using the probabilistic generating function:

L (@) := Y Plw)e!l,
weW
where P(w) is the probability of path w, and |w| its length. See [16] for background.
The first part includes 2d+1 paths from entrance to column d + 1, each of probability
27(d+1), so the generating function is:

Lo(z) = gdt+1 o—(d+1) jd+l _  dt1

The success path is a single d-step walk from column d+ 1 to exit, with probability 2_d7
yielding:

x\d
L51lccess(-73) = (5) .

The middle part comprises repeated failed attempts: a walk from column d+ 1 to column
d+ 141 < 2d + 2, followed by a descent to column d, further descent to column d — j
(possibly reaching d — j = 0), and then an ascent back to d + 1. The generating functions for
the ascending and descending parts are:

S e 1d2d1d1t+121
Liv(l’) = Z (5) P t+ , Lq;(l’) — <§> T + +Z <§> x t+ ,
t=0 t=0
where the first term in Ly (z) accounts for the case where the walker returns to the entrance
and must take the only other available edge. Thus, the generating function for a failed attempt
is:
Lfail(x) = Lw(l?) : Lv(m)

The complete generating function is:

Lo (1') - Lsuccess (-T)

L(z) = Lo(@) - | 3 (Lra(@))" | - Lanccess(z) = =724

k>0

After simplification:
_ (@~ 27 (5)°
(2 =) -1) (2w (3) +o-2)

To compute the expected hitting time from entrance to exit, we differentiate L(z) and

evaluate at x = 1:
d
d+1 3-2% -2
= (2% —1).<2d>. (4)

In the welded tree W, there are m = 2(3 - 24 _ 2) edges, so we can express the expected

hitting time as:
2.2 1
E[chtrancc,cxit} = <2d+1> s m.

d
In this specific case, the factor (%) can be viewed as a modified form of the effective

dL(z)
dx

IE‘:[Flentrance,exit] -

z=1

resistance between entrance and ezit for a non-backtracking walk on W. O
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5 Classical complexity of FINDING PATH To EXIT

5.1 Classical algorithm for upper bound
5.1.1 Exit finding in glued/easily-welded trees

In this section, we present in detail, a classical algorithm for exit finding in the
glued trees or easily welded-trees (where ol®d+1] s the identity permutation in our
notations) presented in [3] with a query complexity of ©(d?).

In other words up to permutations, a welded-trees graph is easily welded if the
welding permutation is an involution, i.e., only made of cycles of size two, forming a
double edge between pairs of leaves in distinct trees. In an easily welded-tree graph,
one can easily detect that a vertex v is in (central) columns d or d 4 1 if and only if
two distinct colored edges from v lead to the same neighbor. A non-backtracking walk
from the root can track the length of the walk upto the central columns, and thus can
check efficiently if a vertex is in column d. More precisely, a check of all the C' colors
allows to find all neighbors and the possible multiple occurences in them.

Algorithm 2 Classical algorithm finding exit with ©(d?) queries in glued trees.

Input: Easily welded tree (glued tree) W of depth d, oracle @ and the id of the
entrance
Output: id of the ezit.
procedure SEARCHEXITINEASILY WELDEDTREES(entrance, )
w < A random non-backtracking walk of d steps starting from entrance
prevg + last(w)
while exit is not reached do
v < A random non-backtracking step from last(w) among unvisited edges
w < w U {v}
if last(w) is a vertex in column d then

2k < Number of vertices in w after prevy > 2k > 2
W (W1 p(w)—k > Remove the last k vertices of w.
prevg < last(w)
end if
end while

return last(w)
end procedure

The key in the analyis of this algorithm is to observe that the length 2k is strictly
increasing during this algorithm since the bad choice of k vertices that made the
walk to visit column d is replaced by the single remaining unvisited edge and thus is
necessarly a good choice leading to column d + k that will never be changed later.
When k =d + 1, it correponds to the column 2d + 1 containing only the exit vertex,
so this algorithm ends on a walk w between entrance and exit. In the worst case, k is
incremented only by 1 every time, so it visits about d + 1 + ZZE k = ©(d?) vertices
with the same number of calls to the classical oracle Q2.
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5.1.2 Ben-David’s optimal classical algorithm for FINDING EXIT

An algorithm attributed to Ben-David [12] has been identified in an online forum
with a query complexity that matches the exponential order of the established lower
bound. We present it in detail in this section for self containedness. It should also be
noted that a similar algorithm along with an optimal lower bound was proven in the
masters thesis of Rui Peng Liu [18].

Algorithm 3 Classical algorithm finding exit using @(Qd/ 2) queries and @(Qd/ %) bits

Input: Welded tree W of depth d, oracle €2 and the id of the entrance
Output: A shortest path from entrance to exit of the welded tree W.
procedure ISEXIT(id of vertex v)
if v has only 2 neighbours and id(v) # entrance then
return YES > Check for number of neighbours using €2(id(v), ¢) for all
colors c.
end if
return No
end procedure
procedure SEARCHEXITCLASSICALLY (entrance, §2)
Cray2) < Set of all vertices at distance [d/2] from entrance
w < A random non-backtracking walk of d steps starting from entrance
> We also store all the edges considered during the run of the algorithm
prevy < last(w)
while IsExIT(last(w)) # YEs do
v < A random non-backtracking step from last(w) among unvisited edges
la/2) ¢ Set of all vertices at distance [d/2] from last(w)

if C(d/Q'I n C/\_d/QJ ?é @ then

2k < Number of vertices in w after prevy > 2k > 2
w4 (W) pw)—k > Remove the last k vertices of w.
prevg < last(w)
end if
end while

return last(w)
end procedure

The correctness of this algorithm is inherited from the already discussed cor-
rectness of SEARCHEXITINEASILYWELDEDTREES (see also [3]). The single missing
element is deciding if a vertex v belongs to column d. This element is obtained by
the following equivalence: last(w) is in column d if and only if the intersection of
0O(2%/?) vertices of Craj2) at distance [d/2] from entrance and O(2%2) vertices of
C,Ld/2j at distance |d/2] of last(w) is a single vertex v’ also along the single shortest
path between entrance and last(w). In addition, after the first d 4+ 1 non-backtracking
steps, the algorithm test only vertices at distance at least d from the entrance so the
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equivalence is simplified by requiring just that the intersection of Cf4/9 and Cf, /2]
is non-empty since the cases of intersections of more then one vertex are avoide(f

Regarding the query complexity, the initial computation of Cf4/27 requires 0(2%/?)
queries to the oracle. Each test that a vertex last(w) belongs to column d requires
O(2%/2) queries. There are ©(d?) tests along the algorithm as in the easy version.
Hence we obtain an algorithm with O(d?2%/2) = O(2%/2) queries where tilde hides
polynomial factors. Notice that sorting the vertices by ids in Cf4/27 and C'L d4/2) may
add an additional factor d to the runtime complexity but none for the number of
queries to the oracle.

In terms of memory, we just need to store the vertices of C4/2) and the last C”L /2]

so the algorithm requires @(Qd/ 2) bits of memory.

5.1.3 Lower memory version of Ben-David’s algorithm

The optimal classical algorithm due to Ben-David [12], described in Algorithm 3,
begins by exploring all 2/%/2] vertices in column Craj21-

To explore the time-space tradeoff, we consider a family of variants of this algo-
rithm, parameterized by two values 0 < v < a < 1: the modified algorithm explores

% ~ % corresponds to the

only 274 vertices in column C,g4. The case v = a =
original Ben-David algorithm.

The space used is O(27¢), mainly for storing the 27¢ vertices. Thus, for small values
of v, the space required is small—but how does this impact the number of queries?

When v < «, the test to determine whether a vertex lies in column d may fail with
probability 2(7=®)¢_ Therefore, we need to estimate the probability that the algorithm
fails.

We assume that the 27¢ vertices in column C,q have already been sampled. Sup-
pose we know a path from the entrance to column d + 1, with an additional k& edges
leading toward the ezit in the right subtree.

To find the (k + 1)*® correct edge, we must choose between two non-backtracking
options leading to vertices v; and vy. To determine whether a choice is wrong, we
attempt to certify that one of the v; leads in the incorrect direction.

To do this, we follow the same approach: for each vertex v;, explore all 2 non-
backtracking walks of length k, which in the wrong case reach column Cy, and in the
correct case reach some column Cy with y > d 4 1. For each such walk, we explore
a ball of radius (1 — a)d, reaching a stored vertex in column C,4 with probability
2(v=)d in the wrong case, and otherwise none.

This certification attempt succeeds after O(2¥201=*)) queries if we find a vertex
in column d, with expected count 2¥20=®)4 and thus success probability at most
min(1, 2k+0—a)d),

The probability of successfully finding a complete path to the exit for k =
1,2,...,d is therefore bounded by:

d (a—=7)d

H min(l, 2k+(’y—a)d) _ H 2k+(’y—a)d _ 2((“—27)d)7((a7~/)d)2 _ 27((a—'v2)d+1) < 2_((1_7)11 .

k=1 k=1

19

2



Hence, the algorithm must make (9(2(‘1_7)‘12) attempts to succeed.

We now analyze the number of queries. For certificates in the case k < (o — 7)d,
we require O(2F2(1=)4) queries. For k > (a —7)d, the expected number of successful
certifications becomes a positive constant after O(2(“~7?) queries.

Summing over all d steps, we obtain:

(a—y)d—1 d
S gkplmedy § glemdgli-ad < ey (Q(a—v)d t(l—a—9)d- g(a—wd) ’
k=1 k=(a—~)d

which gives a total query complexity of O(2(1—®d+(a=7)d),
We thus obtain the following result:

Pro(position 4 The Ben-David algorithm when parameterized by 0 < v < a < 1, performs
0= @)d+(e=Ndd+1)) eries and uses O(27%) space.

5.2 Classical lower bound for FINDING PATH To EXIT

Any classical algorithm A solving the FINDING PATH To EXIT problem relies on an
oracle f.(u) = v that given the id of a vertex v and a color ¢ returns the id of the vertex
v adjacent to u along an edge colored c. We interpret such a query as an orientation
from u to v of the edge (u,v) which is initially unoriented in the welded tree. It is
safe to assume that the algorithm never performs the non-informative reverse query
fe(v) = w since any algorithm that performs such a query can be modified with more
memory but without extra queries to one that does not perform any non-informative
queries. Hence the record of queries may be interpreted as a partial orientation of
edges of the welded trees.

A collision in this partial orientation is either a pair of distinct edges ((u, v), (w, v))
both oriented toward the same vertex v or an oriented edge (u,v) where v is either
entrance or exit. Any run of a classical randomised algorithm A starts with a collision-
free phase that ends with the first occurence of a collision. Collisions in the general
case corresponds to the detection of cycle used in the previous lower bounds of [3]
and [9]. The polynomial classical algorithm for FINDING EXIT problem in glued trees
in [3], where the welding in made up of duplicated pairs of edges (u,v), relies on the
detection of collisions along these edges.

During the collision-free phase, the algorithm is essentially performing a traversal
of the edges of a binary tree from its root but after the first collision, the behaviour can
be different and more difficult to analyse. To simplify the analysis even after the first
collision, we consider a weaker oracle f7¢¢(-) that prevents the detection of collision
during the run of the algorithm. The possibility of detection is postponed until after
the execution of the algorithm. This oracle takes as input a full non-backtracking path
p = (¢i)i=o,..x defined by the sequence of edge colors from the entrance to a vertex
u. The output ff7¢¢(p) = label(v, (p, c)) where label(v, (p,c)) is an new id everytime
we query the same vertex v with different paths p. Hence v appears potentially in as
many copies as the (infinite) number of paths from entrance to v so that the algorithm
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can not detect any collision of two edges just by the fact they have endpoints of same
id. There exists a map ® (not accessible to the algorithm) that allows to recover the
vertex v from any related label ®(label(v,p)) = v, hence detecting the collisions in the
run a posteriori. This weaker oracle for any algorithm is similar to an assumption on
oracle used by Hastings in [19] to avoid detection of cycles.

Lemma 7 For any randomized algorithm A that makes queries to an oracle Q2, the distri-
bution of the number of queries made during the collision-free phase is the same whether

Q= fe(r) or Q= fI"°().

Proof While there is no collision, in both cases the algorithm collects ids of vertices that
are all distinct. Hence we can not distinguish the behaviour of the two oracles. Since in
addition both oracles are based on the same randomly sampled welded tree (see section 2),
the distributions of the number of queries are equal. O

Hence we lower bound the expected number of queries in the collision-free phase
for oracle f.(-) by computing it for the case of f{7¢¢(-). Then our analysis relies on
the following bounds on the expected number of edges between column C,, and C,4

for all possibles pairs.

Lemma 8 Any algorithm A with the collision-free oracle f1"°(-) performing at most 2%

queries, where o € [0,1/2), generates an expected number of at most

(a) 294 edges from column x to x + 1 for each x € {0,1,...d}.

(b) 294+d== edges from column x to column x + 1 for each x € {d+ 1,...2d},

(c) 2vdte=d=1 ¢dges from column x to column x — 1 for each x € {1,...d}.

(d) (2d+2—2)229*9=% edges from column x to column x—1 for each x € {d+1,...2d+

1.

Proof (a) Each discovered edge requires at least one query to the oracle.

(b) For ¢ > d + 1, any discovered edge from column x to column z + 1 comes from an
initial vertex in column d + 1 and then exactly x — d queries toward the exit vertex (not
shared with other such discovered edges). The number of initial vertices (in column d + 1)
discovered by an edge between columns d and d 4+ 1 is bounded by 2%¢_ Hence there are at
most 2¢¢ non-backtracking paths of length x — d starting from such vertex. Each of these 20
has a probability 2977 t0 ends in column Cz+1 by a final edge from column Cj to column
Cx+1 since among the two non-backtracking steps exactly one is toward the exit. Hence the
expected number of edges in this case is bounded by 2244~

(¢) This case is symmetric to the case (b) where the initial vertices are now in column d,
discovered by a query from column d + 1. The length of the paths ending by the expected
edge from column Cp to Cp—_1 is now d + 1 — z. Hence the expected number of edges is
bounded by 20¢+@—d—1,

(d) Any edge from column Cz to column Cy_1 requires a path from column Cyyq to
column Cy 4 for some k with 0 < k < 2d 4+ 1 — x then a path of length k 4 1 toward the
entrance. For each k, our upper bound comes from each path from column d + 1 to column
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r + k that may define up to 2k paths leading to a query from column x to column x — 1.
Using bounds of case (b) the expected number |S| of edges from column z to z — 1 is bounded

as follows
2d+1—x

E(|S|) < Z Qk . 204d+d—$—k < (2d+ 1—z4+ 1)2ad+d—x.
k=0
O

With those bounds on the expected number of edges between various columns, we
can upper bound the probability of collision for any algorithm using the collision-free
oracle.

Lemma 9 For any « € [0,1/2), the expected number of collisions after 2od queries in any

algorithm using collision-free oracle f1"°(-) is bounded by 3(2 + 6d)d2(2°‘71)d.

Proof A collision occurs in a column C from one edge e; coming from column Cy where
y € {# £ 1} and in general a second edge ez coming from column C, where z € {z + 1}.
We use a union bound on those 2 + 6d triplets (x,y, z). Our maximal bound in Lemma 8 is
2%¢ in the case (a) and all other cases, (b), (c), (d), appears to be bounded by 3d2%¢~ 14—l
where we introduce the absolute value |d — z|. Moreover the targeted column C; is all cases
contains at least 297197%| vertices. Our proof uses union bound on those 2 + 6d cases where
expected number of collisions is uniformly bounded by 3d2(2e—1)d,

First we consider a case where at least one of the edges e; and e2 does not belong to
case (a). Hence the expected number of pairs, with one edge from Cy to Cy and one edge
from C. to Cy, is bounded by 2%¢ x 3d2%¢~19=2| For each pair, the probability that it leads
to a collision is bounded by 2/9~#!=¢ Hence the expected number of collision in this case is
bounded by 2¢% x 3d20d—1d=2l  gld—z[—d _ 379(2a—1)d

Second, we consider triplets where both edges belongs to case (a). For z < d, it appears
that there is no collision by design since we are dealing with the edges from the tree rooted at
entrance. Hence it remains only the case x = d that corresponds to the detection of collisions
in column Cjy4; among the welding edges. The number of pairs of edges is bounded by 22ad,
Each pair has probability 274 t0 be a collision in this column Cg+1 with 2¢ vertices. Hence
the expected number of collision is 2(2¢~ 14 < 3g2(2a—1)d,

Finally, we consider the collisions at entrance, under case (c) that specializes to
and exit, under case (b) that specialize also to 2%¢~%. Since 2%¢~% < 3d2(2*~ 19 ye have the
expected uniform bound in each of the 2 + 6d cases. O

2ad7d

This probability must remain bounded below by a constant independent of d in
order to find the exit with constant probability. This, in turn, implies our expected
lower bound on the number of queries during the collision-free phase. Since this
collision-free phase is a must for any algorithm solving FINDING EXIT problem, we
obtain our expected lower bound.

Theorem 2 Any classical randomized algorithm that makes 0(20‘(1) queries to the oracle,
where a € [0,1/2), cannot solve the FINDING PATH To EXIT problem with probability greater
than O(2(2~1dy,
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Proof By contradiction, let A be an algorithm that solves FINDING EXIT problem with con-
stant probability with an expected number of queries 24 where a < 1/2. It means that this
algorithm has a constant probability P > 0 to find a collision within 2% queries. According to
the combination of Lemma 7 and Lemma 9, it means that for any d, P < 3(2+ 6d)d2(2a71)d
which is a contradiction. O

6 Conclusion

The main result of this work is a quantum algorithm in O(2%/3) queries to the oracle
to find a path from the entrance to the exit in welded trees and a collection of other
classical algorithms with a perspective of time and space trade-offs. We also formalise
the folklore lower bound €(2%/2) following the works of [3, 9, 10, 12| thereby proving
a the first polynomial speedup of our quantum algorithm over classical randomised
algorithms to the best of our knowledge. Even though this is not a resolution of
Aaronson’s original problem, we belive it is a step towards it. As a first step, it would
be interesting to ask if it possible to solve FINDING PATH To ExXIT in O(2%¢) queries
for some ¢ > 37 A natural follow up question would be to ask for a lower bound for
any quantum algorithm that involves finding a collision among two partial paths as
in our case. It would also be interesting to find the exact expression of lower bound
for the class of rooted quantum algorithms as described in the paper by Childs et al.
[11]. We suspect that it should be O(2%2%). Moreover a lower bound for finding a
path from entrance to exit with constant positive probability for a quantum algorithm
would help resolve the exact query complexity of a quantum algoritm.
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